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M
otivations

¥ W
avelets: great im

pact in im
age processing

¥ PD
E

s: increasingly effective in im
age processing

O
ur goal: com

bine best of both techniques



Introduction

T
ypical im

age processing tasks:
¥R

estoration (denoising, deblurring)
¥E

nhancem
ent

¥C
om

pression
¥Segm

entation
¥Patent R

ecognition
¥Still v.s. V

ideo 

A
pplications:
M

edical, B
iotech, Physical Science, A

stronom
y, L

aw
E

nforcem
ent, E

nvironm
ent, E

ntertainm
ent, M

ilitary,
C

hem
istry, ...



Introduction

¥
W

avelets in im
age com

pression.
¥G

ood features:
¥O

rthonorm
al basis

¥C
oncentrate energy 

¥A
pproxim

ate sm
ooth function efficiently

¥H
igh order of accuracy

¥M
ultiresolution

¥Fast transform
 algorithm

s
¥L

im
itation: O

scillations at discontinuities

¥  W
avelets representation (H

arm
onic analysis)

)
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ψ
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2(
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)
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2
,

k
x

x
j

k
j

j

−
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ψ
ψ

given
O

rth. basis

∑ =
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(
)

(
,

,
x

c
x

f
k

j
k

j ψ
∫ =

k
j

k
j

f
c

,
,

ψ
L

ow
 Freq.

H
igh Freq.
(average)

(difference)



Introduction

¥
PD

E
s  in Im

age Processing
¥N

ew
 alternative to FFT

/w
avelets and stat. approaches

¥T
reats im

ages as piecew
ise continuous functions

connected by edges
¥U

se PD
E

 concepts: gradients, diffusion, curvature, level
sets 
¥V

ariational: E
uler-L

agrange gives PD
E

, e.g. T
V

 denoising

¥A
dvantages:
¥Sharper edges,
¥better geom

etric properties
¥exploit sophisticated PD

E
 and C

FD
 techniques: H

am
ilton-

Jacobi, shock capturing

∫
∇

|
|

m
in

u

σ
≤

−
||

||
0

u
u

S.T
.

0
)

(
|

|
0
=

−
−  

  

∇ ∇
∇

u
u

u u
λ



M
otivations

¥A
voiding G

ibbs
 phenom

enon
: 

O
scillations at discontinuities.

¥R
eason for G

ibbs: 

¥E
xam

ples:
F

ourier: w
ell know

n.

W
avelets: B

etter (m
ore local) but still there.

D
iscontinuities

L
arge high freq.

T
runcate high freq. 

D
estroy discontinuities

G
enerate O

scillations.



M
otivations ...

G
ibbs

 oscillations at a discontinuity



M
otivations ...

O
riginal function

3-level D
B

4 approxim
ation

3-level D
B

4 coefficients, large high frequencies corresponding to jum
ps



M
otivations ...

G
ibbs for noisy data



2-D
 G

ibbs

O
riginal 2-D

 Function
4-level D

B
4, G

ibbs
 

oscillations at edges



G
ibbs leads to poor results

¥
A

pproxim
ation error

¥
D

enoising: E
dge sm

earing and oscillations

¥
C

om
pression: w

orse w
ith sam

e ratio



M
otivations

¥
U

sing PD
E

 techniques in w
avelets:

¥M
odify w

avelet transform
s: A

daptive E
N

O
-

W
avelet T

ransform
s (E

N
O

 schem
es are very

popular and successful in C
FD

), such that no large
high freq. coefficients are generated.

¥M
odify the standard w

avelet coefficients: T
otal-

V
ariation (T

V
) based w

avelet im
age com

pression
(T

V
 leads to nonlinear PD

E
s )



O
utline

¥Introduction &
 M

otivations

¥E
N

O
-W

avelet T
ransform

s

¥A
pplication in Im

age C
om

pression

¥C
onclusion

¥T
otal V

ariation (T
V

) M
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T
opic 1

E
N

O
-w

avelet transform
 and its

application in im
age com

pression



G
oals

M
odify standard w

avelet transform
s to have the 

follow
ing properties:

1. E
ssentially N

on-O
scillatory (E

N
O

).
2. R

etain Pyram
idal filtering fram

ew
ork.

                                
3. E

rror bound depends only on derivatives
    aw

ay from
 discontinuities.

4. M
inim

al extra cost and storage.
P

roportional to num
ber of discontinuities.

F
unctional replacem

ent of existing w
avelet transform

s



G
oals ...

D
B

4, 4-level
E

N
O

-D
B

4, 4-level



P
yram

idal W
avelet T

ransform
s

C
onsider p vanishing m

om
ents w

avelets: p=
(l+

1)/2
¥L

ow
 freq. (average):

¥H
igh freq. (p-th order deriv.):

¥Jum
p in

L
arge 

∑
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+
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=
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s
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β
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i
j
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α
i

j,
α

i
j
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i
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β
i

j
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−
β



W
avelets

P
yram

id Structure

 1   2   3   4   5   6   7   8
12345678

O
riginal Im

age

L
H

R
ow

s T
ransform

ed

L
L

L
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H
L

H
H

C
olum

ns T
ransform
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F
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P
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↓↓ ↓↓
 2

L
P

F
L

P
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R
ow

 F
iltering

C
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n F
iltering

L
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L
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H
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H
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L
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L
HL
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H
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H
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L
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H
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A
pproaches

¥A
ll linear transform

s:

¥T
hresholding (H

ard and Soft):

¥G
ibbs

 O
scillations

¥M
ust use data-adaptive nonlinear transform

s

¥D
onoho, D

eV
ore, D

aubechies 

¥L
im

itation:C
om

plicated data structure to record
                  locations of large high freq.

¥C
andes and D

onoho: R
igdelets and C

urvelets.

¥G
eom

etry and W
avelets:

Special basis to represent discontinuities

¥M
allat and C

ollaborators: B
andelets



A
pproaches ...

¥L
ow

er the order of filter at discontinuities:

¥E
N

O
 one-sided approxim

ation:

¥C
laypoole, D

avis, Sw
eldens, B

araniuk[99]:A
daptive lifting

¥L
im

itation: low
er the order of accuracy

¥H
arten (93,94)

¥A
t each point, adaptively form

 interpolation polynom
ial

¥N
ever differencing crossing discontinuities.

¥L
im

itation:
¥D

ifficult for pyram
idal w

avelet transform
s

¥N
eed function values to form

 divided difference table at each point
¥M

ore extra cost

¥C
ohen and collaborators: som

e recent advances



A
pproaches ...

¥E
N

O
-w

avelets:
¥D

o not w
ant to change filters

¥M
ain idea: C

hange data adaptively

¥M
ake use of E

N
O

s one-sided inform
ation idea

¥G
oal: D

o not generate large high frequency coef.



T
he E

N
O

 Idea

¥U
se one-sided inform

ation
¥N

ew
ton divided differences to select sm

oothes stencil

¥V
ery popular and successful in shock capturing and C

FD

¥E
N

O
: invented by H

arten, E
ngquist, O

sher, C
hakravarthy (87)



T
he E

N
O

-w
avelets Idea

¥A
ssum

e:
¥K

now
 location of discontinuities

¥D
iscontinuity Separation Property (D

SP):
¥T

w
o consecutive jum

p points separated by l+
3 data points

¥Idea:
¥U

se extrapolation from
 sm

ooth side of jum
ps

¥U
se sam

e filters, but applied to sm
ooth data

¥M
ust take care of

¥R
etain accuracy order p

¥M
inim

al extra cost and storage
¥Invertibility: able to recover the original data



D
irect F

unction E
xtrapolation

¥From
 left side

V
alues 

m
j

,1
+

α

¥From
 right side

V
alues

m
j

,1
+

α

¥A
pply sam

e filters to sm
ooth data on both sides

E
xtrapolated values 

from
 left

E
xtrapolated values

from
 right

JU
M

P

1
,

1
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,
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−
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j
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i
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i
j

,
, ,β

α
1

,
1

,
,

+
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i
j

i
j

β
α

¥P
roblem

: double storage at each discontinuity



C
oarse L

evel E
xtrapolation

E
xtrapolated values 

im
plicitly defined such

that low
 frequencies 

     are p-th order 
extrapolation of     .

E
xtrapolated values

im
plicitly defined such

that high frequencies  
          .         

JU
M

P

1
,

1
,

,
−

−
i

j
i

j
β

α
i

j
i

j
,

,
,
β
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i
j

i
j

,
, ,β

α
1

,
1

,
,

+
+

i
j

i
j

β
α

¥E
xtrapolate coarse level coefficients to determ

ine the 
the fine level values.

0
=

β

α

Store high freq. 

Store low
 freq.

α

β

α



E
xam

ple 1
¥D

ata:
)

2
2

2
1

1
1

(

¥Standard H
aar:

)
0

2 1
0

(
),

2 4

2 3

2 2
(

−
=

=
β

α

¥Standard linear approxim
ation:

)
2

2
2 3

2 3
1

1
(

¥E
N

O
-H

aar:

E
xtrapolation:

  
  

x

y1
1

1

2
2

2

C
oefficients:

  
  

=

    

    

=
0

0

0
0

,

2 2

2 2
2 4

2 4

β
α

Store: 
(

)0
0

0
,

2 4

2 4

2 2
=

 
 

=
β

α

L
inear approxim

ation: sam
e as the initial

D
o N

O
T

 store 
boxed values.



E
xam

ple 2
¥D

ata:

¥Standard H
aar:

¥Standard linear approxim
ation:

¥E
N

O
-H

aar:

¥E
xtrapolation:

  
  

x

y2
1

0

1
2

1
1

1
0

¥C
oefficients:

    

    

−
−

−
=

    

    

=

2 3

2 1
2 1

0
,

2 1

2 1
2

2
3

2

2
0

β
α

¥Store: 
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−
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2 1
,

2

2
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2
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2 1
β

α

¥L
inear approxim

ation: 

(
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1
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(
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.
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0
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0
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D
o N

O
T

 store 
boxed values.



E
xam

ple of E
N

O
-D

B
4

4-level D
B

4 v.s. E
N

O
-D

B
4

Z
oom

 in at a discontinuity

L
arge high frequencies in D

B
4 but not in E

N
O

-D
B

4



E
rror B

ound and Stability

E
rror:               is the j-th level E

N
O

-w
avelet 

                 approxim
ation. If         satisfies the 

                 D
SP, then 

)
(x

f
j

)
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D
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p
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j
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f
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C
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∆
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¥D
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2
¥D

 is the set of discontinuities

¥W
avelet function has p vanishing m

om
ents

¥T
he standard error bound depends on 

)
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)
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)
(

b
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p
x

f

Stability
: 

ε
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−
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g
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f
If                                 and sam

e set of
discontinuities detected, then

)
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O

g
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≤
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O
utline of the proof

¥C
onsider individual jum

p

¥C
onsider three cases

¥D
irect function extrapolation: preserve order

¥E
xtend                         (p-1)-th order sm

ooth
       extension

→
=

0
β

¥E
xtrapolating       : extrapolation in w

avelet
      spaces         sam

e order extrapolation in
      function space s ’

α



P
roperties

¥O
utput sequence: sam

e size as input sequence
H

alf high frequencies and half low
 frequencies.

¥Perfectly invertible
¥E

xtra storage: rem
em

ber the location of jum
ps (E

N
O

 m
apping)

¥C
ost:

¥E
xtra cost: O

(dl), d: num
ber of jum

ps
¥Standard cost: O

(nl)

¥R
atio of extra over standard: O

(d/n)
¥K

eep p-th order accuracy

¥Stable A
lgorithm

ic com
plexity rem

ains O
(n)

¥C
an use other extrapolation schem

es
¥A

pply to other (non-orthogonal) w
avelets

¥2-D
 by tensor products



T
ests on D

SP

T
he level-1 E

N
O

-D
B

6 v.s. D
B

6 at places w
here

¥D
SP satisfied (left bum

p): exactly.
¥D

SP invalid (m
iddle bum

p): error com
parable.

¥Jum
p in derivatives (right corners): exactly.



O
rder of A

pproxim
ation

O
rder in

¥A
ll standard: N

o order.
¥E

N
O

-H
aar: first.

¥E
N

O
-D

B
4: second.

¥E
N

O
-D

B
6: third.

∞
L



O
rder of A

pproxim
ation ...

O
rder in 

¥A
ll standard: N

o order
¥E

N
O

-H
aar: first

¥E
N

O
-D

B
4: second

¥E
N

O
-D

B
6: third

2
L



N
oisy D

ata

3-level E
N

O
-D

B
6 v.s. D

B
6



2-D
 E

xam
ple

O
riginal 2-D

 Function



H
aar

3-level H
aar, edges and interior are fuzzy



E
N

O
-H

aar

3-level E
N

O
-H

aar, E
dges and interior are clearer



2-D
 E

xam
ple ...

O
riginal 2-D

 Function



H
aar

3-level H
aar, keep 64x64 coefficients



E
N

O
-H

aar

3-level E
N

O
-H

aar, keep 64x64 coefficients



H
aar, H

ard T
hresholding

3-level H
aar, H

ard thresholding, keep 64x64 coef.



E
N

O
-H

aar, H
ard T

hresholding

3-level E
N

O
-H

aar, H
ard thresholding, keep 64x64 coef.
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A
pplication in Im

age C
om

pression

¥R
epresent im

ages by few
er w

avelet or E
N

O
-w

avelet
coefficients

¥Is this sufficient for the efficiency of im
age com

pression?

¥A
nsw

er is N
O

¥R
eason: there are m

ore com
ponents, not only transform

s, in
a com

pression system
, and they have to be considered too.



C
om

ponents of Im
age

C
om

pression  System
s

T
ransform

T
ransform

Input
Input
Im

age
Im

age
Q

uantizer
Q

uantizer
C

oder
C

oder
O

utput
O

utput
file
file

¥ ¥
T

ransform
: redundancy rem

oval,
T

ransform
: redundancy rem

oval,
       
       e.g.  D

C
T

, W
avelets

e.g.  D
C

T
, W

avelets

¥ ¥
Q

uantizer
Q

uantizer: entropy (inform
ation) reduction,

: entropy (inform
ation) reduction,

       
       e.g.  Scalar 

e.g.  Scalar quantizer
quantizer: real num

ber      integers
: real num

ber      integers

¥ ¥
C

oder: 
C

oder: lossless
lossless coding

 coding
       
       e.g.  H

uffm
an, L

Z
W

, arithm
etic coding

e.g.  H
uffm

an, L
Z

W
, arithm

etic coding



T
ask

¥
E

fficiency in storage
       R

ate (bits/pixel) as low
 as possible.

¥
A

ccuracy in representations

      D
istortion (error: PSN

R
) as sm

all as possible.

¥
O

ptim
ize rate-distortion trade-off on a range

of rates specified by the users.



M
ulti-resolution (M

R
) C

odes
¥M

R
 code : a single com

pression system
 to reproduce at

a variety  of rates and resolutions.

¥A
lso called progressive transm

ission, em
bedded  or

successive refinem
ent codes.

¥L
ow

-resolution   are em
bedded in higher-resolution of the

sam
e data set.

¥A
pplications: a single source m

ust be  accessible to
different users  or at different rates that varies, e.g.
im

ages on internet.



M
ulti-resolution (M

R
) C

odes



O
riginal

r1
r2

r3
r4

D
1

D
2

D
3

D
4

D
istortion

R
ate

r1
r1 + r2

D
µ

 (r1 + r2 )

D
µ

 (r1 )

D
1

D
2

M
ulti-resolution (M

R
) C

odes

¥E
m

bedded C
oding

¥R
ate-D

istortion
T

rade-off



¥A
pplications: a single source m

ust be  accessible
to different users or at different rates that varies,
e.g. im

ages on internet.

¥D
ifferent dem

ands at different rates

W
hy M

R
 C

odes?



R
ate-D

istortion T
rade-off

D
istortion

R
ate

r1
r1 + r2

D
µ

 (r1 + r2 )

D
µ

 (r1 )

D
1

D
2

•A low
er bound on the rate-distortion curves (Shannon).

•O
ne can design codes to achieve the bound arbitrarily

close at a given rate.

•O
ptim

al: best rate-distortion trade-off.

•O
ptim

al code at one rate is
not optim

al at a different rate

¥O
ptim

ize according
to the rate priorities



D
istortion

R
ate

r1
r1 + r2

D
µ

 (r1 + r2 )

D
µ

 (r1 )

D
1

D
2

M
ulti-resolution (M

R
) C

odes

¥C
reating an L-resolution code w

ith optim
al perform

ance
at O

N
E

 of its L resolutions: N
ot D

ifficult

¥C
onstructing an L-resolution code w

ith optim
al

perform
ance at M

O
R

E
 T

H
A

N
 O

N
E

 of its L resolutions
m

ay not be possible

¥Priorities m
ay be necessary.  



 R
ate-D

istortion O
ptim

ization

¥
M

R
 L

agrangian m
easure

¥
Priorities

¥
M

inim
ize J →→ →→

 optim
al perform

ance

¥
T

rade-off of E
N

O
-W

avelet: Storage of
locations of discontinuities v.s.  R

elative
savings of sm

aller high freq.

[
]

∑
=

+
=

L

R
D

J
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l

l
l

l
l

β
α

}
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{
l

l
β

α
R

ate

Priority



 State of the art com
pression: G

T
W

¥ G
roup T

esting on W
avelet (G

T
W

) coefficients is a recent
(H

ong &
 L

adner 2000) lossy coding technique w
hich can

efficiently represent few
 significant elem

ents in a large pool
of coefficients.

¥ Z
ero-tree type of coding algorithm

 im
plem

ented in bit-
plane fashion: instead of deciding w

hether to keep a w
hole

coefficient, the decision is m
ade on every bit of the

coefficient.

¥ K
ey trade-off: for every-one bit of a coefficient, storing it

as 1 w
ill decrease the distortion, but increase the rate.



 State of the art com
pression: G

T
W

¥H
ong &

 L
adner, 2000

¥Z
ero-tree type of bit-plane coding

¥U
se G

roup T
esting (G

T
) to w

avelet coefficients

¥G
T

: an efficient w
ay to identify few

 significant
elem

ents in a large pool



 O
ptim

ization of  G
T

W

¥O
ptim

ize the L
agrangian rate-distortion trade-off

perform
ance:                        ,        are w

eights.

¥Incorporate E
N

O
-W

avelet C
oefficient in the

optim
ization procedure.

¥T
rade-off of E

N
O

-W
avelet: Storage of locations of

discontinuities v.s.  R
elative savings of sm

aller high
freq., w

hich is considered in the L
agrangian
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¥D
ugatkin, Z

hou, C
han and E

ffros (2002)



 O
ptim

ization of  G
T

W

¥O
ptim

ize the L
agrangian rate-distortion trade-off

perform
ance at each bit-plane

¥Incorporate E
N

O
-W

avelet C
oefficient in the

optim
ization procedure.
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¥Save over 1.0dB



V
isual quality

     Standard G
T

W
                  N

ew
 O

PT
-G

T
W

 w
ith E

N
O

cam
eram

an
 reconstructed im

age at R
=0.1bpp, better

edge reconstruction



O
utline

¥Introduction &
 M

otivations

¥E
N

O
-W

avelet T
ransform

s

¥A
pplication in Im

age C
om

pression

¥C
onclusion

¥T
otal V

ariation (T
V

) M
odel for

W
avelet T

hresholding



T
opic 2

T
V

 m
odels for w

avelet thresholding and
its application in im

age com
pression and

denoising



T
V

 Im
age P

rocessing

¥G
reat success of T

V
 in im

age processing,
(R

udin, O
sher, Fatem

i): sm
ooth oscillations

but retain sharp edges.

¥M
any people w

ork on it: C
han, O

sher
s group,

V
ogel, Santosa, D

odson, Plem
m

ons, C
ham

bolle,
L

ions 

¥A
pplications in im

age processing: D
enoising,

D
ebluring, Segm

entation, C
olor im

ages, Im
age

on m
anifolds, D

igital T
V

 filters



M
otivations for T

opic 2

¥G
reat success of T

V
 in im

age processing,
(R

udin, O
sher, Fatem

i): sm
ooth out

oscillations but retain sharp edges.

¥B
lind deconvolution: (C

han-W
ong)

¥D
enoising: (C

han, O
sher

s group, V
ogel ...)

¥C
olor T

V
:(C

han-B
lom

gren)

¥D
igital T

V
 filters: (C

han-Shen)

¥Im
ages on m

anifolds: (O
sher-C

heng)

¥Segm
entation:(C

han-V
ese)



T
V

 in Im
age P

rocessing

¥C
ham

bolle, D
eV

ore, L
ee and L

ucier:
m

in. in B
esov by w

avelets

¥T
V

 denoising +
 W

avelet T
hresholding:

better ratio or quality (C
han-Z

hou, 1998)

¥O
scillations generated by thresholding

increase T
V

 norm



T
V

 in W
avelet T

hresholding

¥
C

han &
 Z

hou (2000): T
V

 optim
ized w

avelet
coefficients in im

age com
pression and

denoising.
¥

D
urand &

 From
ent (2001): fixed the retained

w
avelet coefficients in hard thresholding and

adjust others to m
inim

ize the T
V

 norm
 to

erase the oscillations.
¥

C
andes (2001): T

V
 post processing for

curvelet thresholding



G
eneral T

V
 M

odel

22
)

,
(,

)
,

(
m

in
,

z
u

dx
x

u
I

k
j

k
j

−
+

∇
∫

∈
β

λ
β

m
I
=

S.T
.

)
(

,
,

,
x

u
k

j
k

j
k

j
ϕ

β
∑ =

W
here

)
(

,
,

,
x

z
k

j
k

j
k

j
ϕ

α
∑ =

O
bserved im

age

m
G

iven integer



G
eneral T

V
 M

odel

¥N
onlinear integer optim

ization

¥D
ifficulties: Integer constraint, too

m
any local solutions, nonlinear

equations.

¥Selection of       : L
-curve, training

im
ages

λ
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       : C
ontrol the sm

all feature size to
preserve (Strang-C

han).
λ

λ
0,  Standard T

hresholding

λ
,  constants

∞



 T
V

 H
ard T

hresh. M
odel

22
)

,
(,

)
,

(
m

in
,

z
u

dx
x

u
H

k
j

I
k

j
−

+
∇
∫

∈
β

λ
β

0
)

(2
,

,
,

=
−

+
  

  

∇ ∇
∇

−
∫

k
j

k
j

k
j

dx
u u

α
β

ϕ
λ

E
uler-L

agrangian

H
I

k
j

∈)
,

(



 A
pproxim

ation to C
onstraint

m
I
=

A
pproxim

ate by:
2

2

)
,

(

2
,

)
)

1
log(

(
γ

β
≤

−
+

∑
m

k
j

k
j

0
,

)
(

2
2

,
,

→
≤

−
∑

p
m

p

k
j

k
j

γ
β

D
onoho(99)

O
lshausen &

 Field



 T
V

 R
elaxation M

odels

O
R

∑
∫

−
+

+
−

+
∇

∈
kj

kj
I

kj
m

z
u

dx
x

u
H

k
j

,

2
2

,

22
)

,
(,

)
)

1
log(

(
)

,
(

m
in

,

β
τ

β
λ

β

∑
∫

−
+

−
+

∇
∈

k
j

p

k
j

I
k

j
m

z
u

dx
x

u
H

k
j

,

2
,

22
)

,
(,

)
(

)
,

(
m

in
,

β
τ

β
λ

β



 E
uler-L

agrangians

O
r

0
1 )

)
1

log(
(

2
)

(2
2,

,

,

2,
,

,
,

=
+

−
+

+
−

+
  

  

∇ ∇
∇

−
∑

∫
k

j k
j

k
j

k
j

k
j

k
j

k
j

m
dx

u u

β β
β

τ
α

β
ϕ

λ

0
)

(
2

)
(2

2

,

,

,
,

,
,

,
=

−
+

−
+

  
  

∇ ∇
∇

−
−

∑
∫

p

k
j

k
j

k
j

p

k
j

k
j

k
j

k
j

m
dx

u u

β β
β

τ
α

β
ϕ

λ



 N
um

erics

¥T
im

e M
arching, Fixed-point, Prim

al-D
ual...

¥R
egularizations to prevent blow

-up

¥T
ransform

 D
ata betw

een w
avelet spaces

and physical space.
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ixed-point Iterations
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L
inearize the nonlinear term

s by using
previous approxim

ations: e.g.



A
dvantages over T

V
 +

T
hresh.

¥R
educe the oscillations generated by

thresholding

¥M
ay directly operate on w

avelets, easiler to
com

bine w
ith com

p. schem
es.

¥W
ork on sm

aller space, can be faster
potentially.
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 H
ard T

hresholding

4-level D
B

4, keep 50 largest coefficients
001
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T
V

  T
hresholding

4-level D
B

4, keep 50 largest coefficients
02

.0
=

λ

H
ard T

hresh.

log-function
p-norm



H
-1 R

egularization

4-level D
B

4, keep 50 largest coefficients
0002
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=

λ
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 H
ard T

hresholding

4-level D
B

4, keep 50 largest coefficients
01

.0
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5 iterations

10 iterations
20 iterations



O
riginal N

oisy Im
age



D
B

6 H
ard T

hresholding

4-level D
B

6, H
ard thresholding, keep 64x64 coef.



D
B

6, T
V

 H
ard T

hresholding

4-level D
B

6, T
V

 H
ard thresholding, keep 64x64 coef.



O
riginal N

oisy Im
age



D
B

6, H
ard T

hresholding

4-level D
B

6, H
ard thresholding, keep 64x64x3 coef.



D
B

6, T
V

 H
ard T

hresholding

4-level D
B

6, T
V

 H
ard thresholding, keep 64x64x3 coef.



W
avelet Im

age Inpainting

¥C
oefficients are dam

aged or lost in
transm

ission

¥T
ake       to include all coefficients     

¥M
inim

ize T
V

 norm
 s.t. constraints only

on retained coefficients, no constraint is
im

posed on the lost coefficients.

¥T
ake               if           is lost,

otherw
ise



W
avelet Im

age Inpainting

O
riginal noisy test im

age



W
avelet Im

age Inpainting

R
eceived Im

age w
ith 20%

 coefficients lost,
particularly, som

e edges are dam
aged



W
avelet Im

age Inpainting

Inpainted im
age by m

inim
izing T

V
 norm

, it
reduced noise w

hile filling in the edge shape



W
avelet Im

age Inpainting

W
avelet coefficients: lost (top), T

V
-norm

 inpainted (bottom
)

C
ertain coefficients are significantly changed to m

in. T
V

 norm



C
onclusions

¥G
oals achieved: satisfies all goals:

¥E
ssentially N

on-O
scillatory

¥K
eep pyram

idal filtering fram
ew

ork
¥Stability and error bound independent of discontinuities

¥M
inim

al extra cost (ratio O
(d/n) ) and storage (O

(1) bit/jum
p)

¥G
enerality: C

an be applied to other w
avelets

¥T
opic 1: E

N
O

-w
avelets

¥T
opic 2: T

V
 m

odel for w
avelet thresholding

¥Im
prove the denoising and com

pression in w
avelet

thresholding. R
educe the edge oscillations.

¥A
pplication: incorporate E

N
O

-w
avelets in the optim

ization
fram

ew
ork of G

T
W

 and achieve significant perform
ance gain.


